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ON DELOCALIZATION IN THE SIX-VERTEX MODEL
MARCIN LIS
Abstract. We show that the six-vertex model with parameter c ∈ [√3, 2]
on a square lattice torus has an ergodic infinite-volume limit as the size of
the torus grows to infinity. Moreover we prove that for c ∈ [
√
2 +
√
2, 2], the
associated height function on Z2 has unbounded variance.
The proof relies on an extension of the Baxter–Kelland–Wu representation
of the six-vertex model to multi-point correlation functions of the associated
spin model. Other crucial ingredients are the uniqueness and percolation
properties of the critical random cluster measure for q ∈ [1, 4], and recent
results relating the decay of correlations in the spin model with the delocal-
ization of the height function.
1. Introduction
Background and main results. An arrow configuration on a finite 4-regular
graph is an assignment of an arrow to every edge such that exactly two arrows
point at each vertex. The six-vertex model (or more precisely the F model) with
parameter c > 0 is the probability measure on all arrow configurations that is
proportional to cN , where N is the number of vertices of type 3a or 3b in the
configuration (see Fig. 1). These are the vertices for which the arrows alternate
between incoming and outgoing as one goes around the vertex.
The three-dimensional prototype of the model was introduced by Pauling [20]
in 1935 to study the residual entropy of ice arising from the phenomenon of
hydrogen bonding. The square lattice version discussed here, called the F model,
first appeared in the work of Rys on antiferroelectricity [23]. The exact value of
the free energy per site on the square lattice was given by Lieb [16,17] using the
transfer matrix method. Since then the six-vertex model has been a prominent
example of an integrable lattice model of equilibrium statistical mechanics. For
a detailed account of the model and its history we refer the reader to [2, 18,22].
In this article we consider the six-vertex model on a toroidal piece of the square
lattice Tn = (Z/2nj1Z)×(Z/2nj2Z) of size 2nj1×2nj2, where j1, j2 ∈ Z are fixed
and n increases to infinity. We denote the corresponding probability measure by
µn = µ
c
n. In the first main result we establish convergence to an infinite-volume
measure for the model with c ∈ [√3, 2], and derive a spatial mixing property of
the limit.
Theorem 1.1. Let c ∈ [√3, 2].
(i) There exists a translation invariant probability measure µ = µc on arrow
configurations on Z2, such that
µn → µ weakly as n→∞.
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Figure 1. Six possible arrow configurations around a vertex
of Tn. To each such configuration there correspond two spin
configurations which differ by a global sign change. The configu-
ration with the upper left spin fixed to −i is depicted here. The
solid (resp. dotted) black line represents an edge of T•n (resp. T◦n).
(ii) There exists κ = κ(c) > 0 such that for any two local events A and B
depending on the state (orientation) of edges in finite boxes Λ,Λ′ ⊂ E(Z2)
respectively, we have
|µ(A ∩B)− µ(A)µ(B)| ≤ K|Λ|,|Λ′|d(Λ,Λ′)−κ,(1.1)
where d(Λ,Λ′) is the graph distance between Λ and Λ′, and where K|Λ|,|Λ′|
depends only on the size of the boxes.
(iii) In particular, µ is ergodic with respect to translations of any nontrivial
sublattice of Z2.
An observable of interest in the six-vertex model is its height function h. For
now we consider it directly in the infinite volume limit as an integer-valued
function defined on the faces of Z2. For reasons to become clear later, we set h
to be ±1 with probability 1/2 on a chosen white face u0 next to the origin of
Z2. For any other face u and a dual oriented path γ connecting u0 with u, we
denote by hγ←(u) and hγ→(u) the numbers of arrows in the underlying six-vertex
configuration that cross γ from right to left, and from left to right respectively.
The height at u is then given by
h(u) = hγ←(u)− hγ→(u).(1.2)
That the right-hand side is independent of γ follows from the fact that Z2 is
simply connected and from the property that six-vertex configurations form con-
servative flows.
It is predicted that the model should undergo a phase transition at c = 2 in
the sense that the variance of the height-function should be uniformly bounded
(over all faces of Z2) for c > 2 (the localized regime), and should be unbounded
for c ≤ 2 (the delocalized regime). So far this has been rigorously confirmed
for c > 2 [6, 13], c = 2 [9, 13], c = 1 [5, 7, 24], the free fermion point c =
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√
2 [14] corresponding to the dimer model, and a small neighborhood of c =√
2 [11]. Moreover, logarithmic (in the distance to the origin) divergence of the
variance was established in [7, 9, 13]. We note that a closely related result was
recently proved also in the model of uniform Lipschitz functions on the triangular
lattice [12]. Finally, a much stronger property was obtained in [11, 14], namely
that the fluctuations of the height function in the scaling limit are described
by the Gaussian free field. The following result adds to this list by identifying
delocalization in the weak sense for all c ∈ [
√
2 +
√
2, 2].
Theorem 1.2 (Delocalization of the height function). Let c ∈ [
√
2 +
√
2, 2].
Then under the infinite volume measure µ we have
Varµ[h(u)]→∞ as |u| → ∞,(1.3)
where u is a face of Z2.
We note that Theorem 1.1 and a stronger version of Theorem 1.2 yielding
logarithmic divergence of the variance have been independently proved for all
c ∈ [1, 2] and will appear in the upcoming work of Duminil-Copin et al. [8].
However, the methods that we use are different than those of [8] and arguably
more elementary. We also believe that the ideas presented in this paper will
be useful in further analysis of the six-vertex model, in particular in questions
regarding its scaling limit.
Outline of the approach. Before explaining the arguments in detail, we give a
brief overview of our approach. We color the faces of Tn and Z2 in a checkerboard
manner. Let Z2• (resp. Z2◦) be the square lattice rotated by pi4 whose vertices
are the black (resp. white) faces of Z2, and where two vertices are adjacent
if the corresponding faces of Z2 share a vertex. Let T•n and T◦n be defined
analogously for Tn. The first main ingredient of the proof of Theorem 1.2 is
the Baxter–Kelland–Wu correspondence [1] between the six-vertex model on Tn
with parameter c ∈ [√3, 2] and the critical random cluster model on T•n with
cluster parameter
q = (c2 − 2)2 ∈ [1, 4].(1.4)
For [
√
3, 2), unlike for c ∈ [2,∞), this representation is not a stochastic, but
rather a complex-measure coupling between the six-vertex and the (slightly mod-
ified) critical random cluster model. For this reason it has not been clear how
to transfer relevant probabilistic information between the two sides of this cou-
pling. The main novelty of our approach is an extension of this correspondence
to identities between correlation functions of certain observables. These observ-
ables on the side of the six-vertex model are simply spins assigned to the faces
of the lattice and given by
σ(u) = ih(u),(1.5)
where i is the imaginary unit. Note that from a spin configuration one recovers
the six-vertex configuration in a unique (and local) way, and hence the spins
carry all the probabilistic information of the six-vertex model. Recall that our
convention is to fix the height function to be ±1 with equal probability on a white
face u0 adjacent to the origin. This makes the distribution of spins invariant
under the sign change σ 7→ −σ. Since the parity of the height function always
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changes between adjacent faces the spins are real on the black, and imaginary on
the white faces of Z2. Also note that σ is always well-defined locally. Globally
however, the height function may have a non-trivial period when one goes around
the torus. If the period is nontrivial mod 4, the spin picks up a multiplicative
term of −1 when going around the torus. This is a technical inconvenience that
we discuss in more detail in the following sections.
To illustrate the type of identities between correlation functions obtained in
this paper we briefly discuss here the simplest case of the two-point function.
Let φ be the critical random cluster measure on the rotated lattice Z2• with cluster
parameter q ∈ [1, 4] as in (1.4). The fact that this measure is unique, which was
established by Duminil-Copin, Sidoravicius and Tassion in [9], is crucial and
constitutes the second main ingredient of our proof of Theorem 1.2. For two
black faces u, u′ ∈ Z2•, we establish that
Eµ[σ(u)σ(u
′)] = Eφ
[
ρN(u,u
′)(−ρ)N(u′,u)],(1.6)
where
ρ = tanλ, with
√
q = 2 cosλ,(1.7)
and where N(u, u′) is the number of loops on Z2 that disconnect u from u′ in the
loop representation of the random cluster model. Analogous identities to (1.6)
for many-point correlation functions already on the finite level of Tn are also
established, and are the main tool to obtain the existence of the infinite-volume
measure, and hence prove Theorem 1.1.
To show delocalization of the height function as stated in Theorem 1.2, we
use a recent result of the author [19]. We first establish decorrelation of spins
saying that
Eµ[σ(u)σ(u
′)]→ 0, as |u− u′| → ∞.(1.8)
This in turn implies (up to technical details that are taken care of in the present
article) that there is no percolation in the associated percolation model studied
in [13,19]. Finally, non-percolation was shown in [19] to imply delocalization.
It is clear that identity (1.6) is useful for proving such decorrelation of spins
(1.8). Indeed, for c ∈ (
√
2 +
√
2, 2], we have that 0 < ρ < 1. On the other
hand, by the results of [9] we know that N(u, u′)→∞ as |u−u′| → ∞ φ-almost
surely. Hence, by (1.6) the spins decorrelate and the height function delocalizes.
The peripheral case c =
√
2 +
√
2 corresponding to q = 2 and ρ = 1 requires a
slightly different argument.
To finish this discussion we note that Theorem 1.1 implies decorrelation of
local increments of the height function for c ∈ [√3, 2]. To prove delocalization
however, we need additional information on the global increment between two
far-away points u, u′ ∈ Z2•. From the results [19], it turns out that the sufficient
information is the behaviour of the parity of (h(u)− h(u′))/2. This is provided
by (1.8) since for a black face u′, h(u′) is even, and hence
σ(u)σ(u′) = (−1)(h(u)−h(u′))/2.
A natural question that remains is if our methods extend to the case tanλ > 1
(by possibly studying a different observable than (1.8) to obtain delocalization).
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Figure 2. Eight possible ways the loops connect at a vertex.
The yellow and red edges are the open edges in the percolation
configuration ξ and ξ† respectively.
In the rest of the paper we provide the precise statements and the remaining
necessary details for the proofs of our results.
Acknowledgments. I would like to thank Nathanael Berestycki for stimulating
discussions and his insight into Lemma 3.2, and Alexander Glazman for many
valuable discussions.
2. The Baxter–Kelland–Wu representation of spin correlations
The Baxter–Kelland–Wu (BKW) correspondence is the starting point of our
argument. We recall it here while simultaneously establishing closely related
identities for correlations of the σ-spins.
The first step is to represent the arrow configurations on Tn as fully packed
configurations of directed and noncrossing loops ~L, also on Tn. The term fully
packed means that each edge of Tn is traversed exactly once by a loop from ~L.
The loops in ~L should follow the arrows of the arrow configuration α, and the
only choice remaining is to decide how the directed edges connect at each ver-
tex to form noncrossing loops. For configurations of type 1 and 2, there is no
choice, whereas for configurations of type 3 we can choose two different types
of connections, see Fig. 2. On the other hand, to reverse the map in order to
obtain α from ~L, it is enough to keep the information about the orientation of
each edge and otherwise forget how the loops connect at the vertices. This gives
a many-to-one map from ~Ln, defined to be the set of all fully packed oriented
loop configurations, to On – the set of all arrow configurations on Tn.
The crucial idea now is to parametrize the six-vertex weights in terms of the
types of turns the loops make at each vertex. To this end, we define the weight
of an oriented loop configuration by
w(~L) = e
iλ
4
(left(~L)−right(~L)),(2.1)
where λ is as in (1.7), and where left(~L) and right(~L) are the total numbers of
left and right turns of all the loops in the configuration. Note that at each vertex
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Figure 3. An arrow configuration on a 6× 4 torus and a corre-
sponding fully packed configuration of directed loops
of type 1 or 2, the loops make turns in opposite directions and hence the joint
contribution of these two turns to the weight is 1. On the other hand, for vertices
of type 3, we either have two turns left or two turns right which yields a total
weight 2 cos λ2 = c. This exactly means that after projecting the renormalized
complex measure on ~Ln induced from the weight (2.1) onto arrow configurations
α we recover the six-vertex probability measure µn.
The next step of the correspondence is to go from an oriented loop configura-
tion ~L to an unoriented one by simply forgetting the orientations of the loops.
To this end, note that after reorganizing the factors in (2.1) according to which
turn is made by which loop, we obtain that
w(~L) =
∏
~`∈~L
e
iλ
4
(left(~`)−right(~`)) =
∏
~`∈~L
eiλw(
~`),(2.2)
where left(~`) and right(~`) are the total numbers of left and right turns of a single
oriented loop ~`, and where w(~`) is the total winding number of the loop. The
important observation here is that if ~` is contractible on the underlying torus,
then w(~`) = ±1 depending on the counterclockwise or clockwise orientation of
the loop, and w(~`) = 0 if ~` is noncontractible. By an unoriented loop configura-
tion L we mean a fully packed configuration of noncrossing loops obtained from
some ~L ∈ ~Ln by erasing all arrows from the edges. From (2.2) we can conclude
that the weights w(~L) induce a probability measure φn on the set of fully-packed
unoriented loop configurations Ln given by
φn(L) =
1
Zn
∏
`∈L
(eiλw(
~`) + e−iλw(~`)) =
1
Zn
√
q|L|
(
2√
q
)|Lnctr|,(2.3)
where
Zn =
∑
α∈On
cN(α)
is the partition function of the six-vertex model, and Lnctr is the set of noncon-
tractible loops in L.
Before discussing the connection with the random cluster model, let us derive
the necessary formulas for the spin correlations as expectations of certain loop
statistics under φn. As already mentioned, one needs to take slightly more care
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Figure 4. The path (red) with source s+ and sink s−, and the
zipper Γ (green) used in the computation of Eµn [σ(s
+)σ(s−)].
For this arrow configuration α, we have (α) = σ(s+)σ(s−) = −1
when defining the height function h and hence the spins σ in finite volume as
one may pick up a nontrivial period of −1 when going around the torus. To
circumvent this obstacle, we identify the vertices of Tn with those of the box
{−nj1 + 1, . . . , nj1} × {−nj2 + 1, . . . , nj2} ⊂ Z2.(2.4)
As before the height function at u0 is chosen to be ±1 with equal probability.
For every other face, we use formula (1.2) with the restriction that the path γ
cannot take a step from a vertex with the i-th coordinate equal to nji to a vertex
with the same coordinate equal to −nji + 1 and vice versa.
Let u1, . . . , up ∈ T•n and v1, . . . , vr ∈ T◦n be black and white faces of Tn re-
spectively. We are interested in the the correlation function
Eµn
[ p∏
i=1
σ(ui)
r∏
j=1
σ(vj)
]
.
One can see that if either p or r is odd, then this expectation is zero by symmetry.
Indeed, first note that after fixing spins on one sublattice and reversing all arrows,
the spins on the other sublattice change sign. Furthermore the six-vertex model
is invariant under arrow reversal, and we also chose the distribution of σ(u0) to
be symmetric. Hence, we can assume that p = 2k and r = 2l.
We chose half of the faces u1, . . . , u2k, v1, . . . , v2l and declare them sources,
and we call the remaining half sinks. We now fix k + l directed paths in the
dual of Tn that connect pairwise the sources to the sinks, and define Γ to be the
collection (sometimes called a zipper) of directed edges of Tn which cross these
paths from right to left, see Fig. 4 It is possible that one edge crosses multiple
paths. We also define s+i and s
−
i to be the source and sink of path number i
respectively.
Having fixed Γ, for any other collection of directed edges H, we define
(H) = i|Γ∩H|(−i)|Γ∩(−H)| ∈ {1, i,−1,−i},(2.5)
where −H is the set of all reversed edges from H. Note that
(H)(−H) = 1.(2.6)
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Below, with a slight abuse of notation, we will identify six-vertex configrua-
tions α, oriented loop configurations ~L, and single oriented loops ~` with the
naturally associated collections of directed edges. Recall that by our convention,
σ(ui)
2 = 1 and σ(vj)
2 = −1, or in other words
ih(ui) = i−h(ui) and ih(vj) = −i−h(vj).
Writing s for the number of white sinks, we have
(−1)sEµn
[ 2k∏
i=1
σ(ui)
2l∏
j=1
σ(vj)
]
= (−1)sEµn
[
i
∑2k
i=1 h(ui)+
∑2l
j=1 h(vj)
]
= Eµn
[
i
∑k+l
i=1(h(s
+
i )−h(s−i ))
]
= Eµn [(α)]
=
1
Zn
∑
~L∈ ~L
(~L)w(~L)
=
1
Zn
∑
~L∈ ~L
∏
~`∈~L
eiλw(
~`)(~`)
=
1
Zn
∑
L∈L
(∏
`∈L
ρ(`)
)√
q|L|
(
2√
q
)|Lnctr|,
where
ρ(`) =
eiλw(
~`)(~`) + eiλw(−~`)(−~`)
eiλw(~`) + eiλw(−~`)
,
with ~` and −~` being the two oriented versions of `. To get the third equality we
represented each of the increments of the height function in the second line as a
sum of one-step increments along the fixed paths, and then used the definitions of
h (1.2) and  (2.5). To obtain the fourth identity we followed the same reasoning
as in the standard BKW representation. This can be done since the observable 
depends only on the orientations of the arrows, and this information is preserved
when going form α to ~L. The last equality follows by forgetting the orientations
of the loops as we did in (2.3).
As a consequence we get the following crucial identity for correlation functions.
Lemma 2.1. Let u1, . . . , u2k ∈ T•n and v1, . . . , v2l ∈ T◦n be black and white faces
of Tn respectively, and let ρ and s be defined as above. Then
Eµn
[ 2k∏
i=1
σ(ui)
2l∏
j=1
σ(vj)
]
= (−1)sEφn
[∏
`∈L
ρ(`)
]
.
We note for future reference that the same formula can be obtained when
the numbers of white and black faces are both odd. As discussed before, both
correlations are then equal to zero. Also observe that on the side of the six-vertex
model the correlations involve observables that are local functions of the state
space, whereas the loop observables depend on the global topology of all loops.
Hence, slightly more care will be required when talking about convergence of the
correlations under φn as n→∞, which is the subject of the next section.
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Useful in this analysis will be the following interpretation of ρ(`) for con-
tractible loops. For a contractible loop `, let δ(`) be the number of sources
minus the number o sinks enclosed by the loop. Then
ρ(`) =

1 if δ(`) = 0 mod 4,
− tanλ if δ(`) = 1 mod 4,
−1 if δ(`) = 2 mod 4,
tanλ if δ(`) = 3 mod 4.
(2.7)
Moreover, if ` is noncontractible, then ρ(`) = (~`) if (~`) is real, and ρ(`) =
0 otherwise. Here, ~` is any of the two orientations of `. In particular if a
contractible loop ` encloses all the sources and sinks, or none of them, then
δ(`) = 0 and ρ(`) = 1. This means that for any Λ ⊂ Tn,∏
`∈L
ρ(`)1TΛ(L) =
∏
`∈L∩Λ
ρ(`)1TΛ(L),(2.8)
where, with a slight abuse of notation, L ∩ Λ are the loops from L that are
contained in Λ, and where TΛ is the set of loop configurations L such that L∩Λ
contains a contractible loop surrounding all the sources and sinks. This is a form
of locality of the loop observables that we will later use to conclude convergence
of their expectations in the infinite volume limit.
To finally make a connection with the random cluster model we follow Bax-
ter, Kelland and Wu, and interpret the unoriented loops as interfaces winding
between clusters of open edges in a bond percolation configuration and its dual
configuration
ξ ∈ Ω•n = {0, 1}E(T
•
n) and ξ† ∈ Ω◦n = {0, 1}E(T
◦
n)
respectively (see Fig.2 and Fig.5). This yields a bijection between Ln and Ω•n,
and we will write L(ξ) for the unoriented loop configuration corresponding to ξ
under this map. It turns out that the distribution of ξ defined by formula (2.3)
is very closely related to the one of the critical random cluster model which on
the torus is given, up to normalizing constants, by
φrcn (ξ) ∝ qk(ξ)
( pc
1−pc
)|ξ|
= qk(ξ)
√
q|ξ|,
where pc =
√
q/(1 +
√
q) is the critical parameter [3], and k(ξ) is the number of
connected component of ξ (including isolated vertices) thought of as a subgraph
of T•n. Indeed, using Euler’s formula for graphs drawn on the torus (see e.g.
Lemma 3.9 in [6]), one can rewrite this as
φrcn (ξ) ∝
√
q|L(ξ)|qs(ξ),(2.9)
where
s(ξ) =
{
1 if ξ is a net,
0 otherwise.
Here, a net is a subgraph of T•n that contains two noncontractible cycles of
different homotopy class.
10 MARCIN LIS
Figure 5. An unoriented loop configuration on a torus 6 × 4
torus and the corresponding bond percolation configurations ξ
(yellow) and ξ† (red). The solid (resp. dotted) black lines repre-
sent the edges of T•n (resp. T◦n)
3. The infinite volume limit
In this section we discuss convergence of finite volume measures as n → ∞
and as a result we prove Theorem 1.1. The main tools are the formulas for spin
correlations from the previous section and the results on the critical random
cluster model with q ∈ [1, 4] of Duminil-Copin, Sidoravicius and Tassion [9].
3.1. Convergence of φn. Let Ω• = {0, 1}E(Z2•) and let F be the product σ-
algebra on Ω•. Recall that Ω• with the product discrete topology is a compact
space for which F is the Borel σ-algebra.
In what follows we think of Ω•n as a subset of Ω• by cutting the torus Tn
along the two noncontractible cycles at distance n in the horizontal and vertical
direction from the origin (as it was done in (2.4)), and extending each percola-
tion configuration ξ ∈ Ω•n to by setting its values to zero on the edges outside
the resulting (rotated) box in Z2•. In particular, we think of φn as a measure
on (Ω•,F).
The weak convergence of φn to φ will be a consequence of the fact that φ is
the unique critical random cluster measure on Z2• [9], and the close relationship
between formulas (2.3) and (2.9).
Lemma 3.1. For c ∈ [√3, 2], φn converges weakly to φ as n→∞.
Before proving the result we recall some classical definitions. To this end, for
E ⊂ E(Z2•), let FE ⊂ F be the σ-algebra generated by the states of the edges
in E. Also define Ec = E(Z2•) \E. We say that a probability measure φ0 on Ω•
is insertion tolerant if there exists  > 0 such that for every e ∈ E(Z2•) and every
event A ∈ F{e}c of positive measure, we have
φ0(ξ(e) = 1 | A) ≥ .(3.1)
We say that φ0 is deletion tolerant if the law of 1 − ξ is insertion tolerant. Fi-
nally, ν has finite energy if it is both insertion and deletion tolerant. A result that
we will use is the classical Burton–Keane [4] theorem saying that the probability
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of seeing more than one infinite cluster is zero under any translation invariant
probability measure with finite energy.
We say that a probability measure φ0 on (Ω•,F) is a critical DLR random
cluster measure with parameter q if for all A ∈ F and all finite boxes Λ ⊂ E(Z2•),
we have
φ0(A | FΛc)(ζ) = φζΛ(A) for φ0-a.e. ζ,(3.2)
where φζΛ is the critical random cluster measure with boundary conditions ζ
defined on
ΩζΛ = {ξ ∈ Ω : ξ(e) = ζ(e) for e ∈ Λc},
and given by
φζΛ(ξ) ∝ qkΛ(ξ)
√
q|ξ∩Λ|.(3.3)
Here kΛ(ξ) is the number of connected components of ξ that intersect Λ. We
note that if ζ contains at most one infinite cluster, then
φζΛ(ξ) ∝
√
q|LΛ(ξ)|,(3.4)
where LΛ(ξ) are the loops (or biinfinite paths) in L(ξ) that intersect Λ. One
can check this by establishing that both weights in (3.3) and (3.4) change in the
same way after altering the state of a single edge. The fundamental result for us
will be that for q ∈ [1, 4], there exists exactly one critical DLR random cluster
measure as was shown in [9].
Proof of Lemma 3.1. Since Ω• is compact, the sequence (φn) is tight and it is
enough to prove that every subsequential limit φ0 = limk→∞ φnk is equal to φ.
To show this, by the uniqueness result of [9], we only need to check that φ0
satisfies the DLR condition (3.2) for any box Λ. We will do this by arguing that
in the infinite volume limit, the value of |Lnctr(ξ)| in (2.3) does not depend on
the state of ξ inside Λ, which will imply that the conditional distribution of (2.3)
simplifies to (3.4).
To be precise, note that by (2.3) the measures φn have finite energy with
constants that are uniform in n, and therefore φ0 has finite energy as the weak
limit of φn. Moreover, φ0 is clearly translation invariant. Therefore by the
classical Burton–Keane argument [4] the configuration ξ has at most one infinite
component φ0-a.s. The same holds for ξ
† since it has the same distribution as ξ
under φ0. For topological reasons, this means that L(ξ) contains at most one
infinite loop (by which we mean a biinfinite path) φ0-a.s. which is the interface
between these potential infinite primal and dual clusters.
Let ΛN ⊂ E(Z2•) be a box of size N ×N in Z2• centered at the origin. For N
such that Λ ⊆ ΛN , let SN ∈ FΛc ∩ FΛN be the event that there is at most two
paths (that are parts of loops) in L(ξ) that intersect both Λ and the outside
of ΛN . For future reference, note that since there is at most one infinite loop
φ0-a.s. and since SN is increasing in N , for every B ∈ F , we have
1B = lim
N→∞
1B∩SN , φ0-a.s.(3.5)
We now fix ε > 0 and take k so large that the law on of the percolation
configuration under φnk and φ0 restricted to ΛN are at total variation distance
less than ε from each other. This is possible by the weak convergence of φnk to
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φ0 and since N is fixed. Now observe that for two configurations ζ, ζ
′ ∈ SN such
that ζ = ζ ′ on ΛN , we have φ
ζ
Λ = φ
ζ′
Λ . Moreover, by (2.3) we have for ζ ∈ SN ,
φnk(· | FΛc)(ζ) = φζΛ(·) ∝
√
q|LΛ(ξ)|
since, on SN , changing the state of an edge in Λ cannot change the number
noncontractible loops in L. Hence, for all events A ∈ FΛN and B ∈ FΛc ∩ FΛN ,
we can write∫
B∩SN
φζΛ(A)dφ0(ζ) +O(ε) =
∫
B∩SN
φζΛ(A)dφnk(ζ)
=
∫
B∩SN
φnk(A | FΛc)(ζ)dφnk(ζ)
= φnk(A ∩B ∩ SN ).
Taking first k →∞ and using the fact that A∩B∩SN is a local event, and then
taking N →∞ and using (3.5), we get∫
B
φζΛ(A)dφ0(ζ) = φ0(A ∩B)
for all local events A ∈ F and B ∈ FΛc . This yields the DLR condition (3.2)
since the local events in F and FΛc generate the respective σ-algebras. 
3.2. Convergence of µn. In this section we use the correlation identities from
Lemma 2.1 to deduce weak convergence of µn from the convergence of φn.
Recall the (local) map from spin configurations σ to arrow configurations α.
Using this correspondence, from now on, we will think of µn as a measure on
Σn := {−1, 1}T•n × {−i, i}T◦n . Note that compared to the original definition,
now µn also accounts for the independent coin flip that we used to decide the
value of the spin on the fixed face u0. Similarly to previous considerations, we
will also think of Σn as a subset of Σ := {−1, 1}Z2• × {−i, i}Z2◦ by setting the
values of spins outside the box (2.4) to 1 or i depending on the sublattice. In
particular, µn becomes a measure on (Σ,G) where G is the product σ-algebra
on Σ.
We first show convergence of spin correlations.
Lemma 3.2. Let u1, . . . , u2k ∈ Z2• and v1, . . . , v2l ∈ Z2◦ be black and white faces
of Z2 respectively, and let ρ and s be as in Lemma 2.1. Then for c ∈ [√3, 2],
Eµn
[ 2k∏
i=1
σ(ui)
2l∏
j=1
σ(vj)
]
→ (−1)sEφ
[∏
`∈L
ρ(`)
]
as n→∞.(3.6)
Proof. We will use the locality property (2.8) and the fact that there are infinitely
many loops in L(ξ) surrounding all the faces u1, . . . , u2k, v1, . . . , v2l φ-a.s.
To be precise, by Lemma 2.1 it is enough to show that∣∣∣Eφn[∏
`∈L
ρ(`)
]
−Eφ
[∏
`∈L
ρ(`)
]∣∣∣→ 0 as n→∞.(3.7)
To this end, recall that ΛN ⊂ E(Z2•) is the box of size N ×N in Z2• centered at
the origin, and L(ξ) ∩ ΛN is the set of loops in L(ξ) that are contained in ΛN .
Let TN ∈ FΛN be the event that there is a loop in L(ξ) ∩ ΛN that surrounds
all the faces u1, . . . , u2k, v1, . . . , v2l. Note that |
∏
`∈L ρ(`)| ≤ C deterministically
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for some C <∞ that depends only on the distances between the faces. From [9]
we know that there are infinitely many loops that surround all the fixed faces
φ-a.s., and therefore φ(TN )→ 1 as N →∞. Hence, for ε > 0 we can choose N
so large that φ(TN ) > 1− ε/C, and therefore∣∣∣Eφ[∏
`∈L
ρ(`)
]
−Eφ
[∏
`∈L
ρ(`)1TN
]∣∣∣ = ∣∣∣Eφ[∏
`∈L
ρ(`)
]
−Eφ
[ ∏
`∈L∩ΛN
ρ(`)1TN
]∣∣∣ < ε,
where we used the locality property (2.8) to obtain the equality. Since the
random variables
∏
`∈L∩ΛN ρ(`) and 1TN are local, by Lemma 3.1 we can now
take M so large that∣∣∣Eφ[ ∏
`∈L∩ΛN
ρ(`)1TN
]
−Eφn
[ ∏
`∈L∩ΛN
ρ(`)1TN
]∣∣∣ < ε and φn(TN ) > 1− 2ε/C
for all n ≥M . Using (2.8) again, we altogether get an upper bound of 4ε on (3.7)
for n ≥M . 
We are now able to prove the convergence part of Theorem 1.1.
Proof of part (i) of Theorem 1.1. Note again that since Σ is compact, it is enough
to prove that all subsequential limits of µn are equal. By the lemma above, all
these limits have the same correlation functions of the form (3.6). We finish the
proof by noticing that the indicator function of any local event can be written
as a linear combination of such correlation functions (see (3.8)). 
We denote the limiting measure on (Σ,G) by µ.
Corollary 3.3. In the setting of Lemma 3.2, we have
Eµ
[ 2k∏
i=1
σ(ui)
2l∏
j=1
σ(vj)
]
= (−1)sEφ
[∏
`∈L
ρ(`)
]
.
3.3. Mixing of µ. Let Geven ⊂ G be the σ-algebra of even events, i.e., events
invariant under the global sign flip σ 7→ −σ. In this section we show that µ as
a measure on (Σ,Geven) (and hence also as a measure on arrow configurations O
equipped with the product σ-algebra) is mixing. Our argument uses Lemma 3.2
and heavily relies on the mixing property of the random cluster measure φ es-
tablished in [9].
Proof of part (ii) of Theorem 1.1. We present the proof in the language of spins.
The corresponding statement for arrow configurations follows immediately.
Let A,B ∈ Geven depend on the state of spins in finite square boxes V, V ′ ⊂
Z2• ∪ Z2◦ respectively. We have
1A(σ) =
∑
σ˜∈A
∏
v∈V
1
2(1 + (v)σ˜(v)σ(v)) =
1
2|V |
∑
S⊆V
(∑
σ˜∈A
∏
v∈S
(v)σ˜(v)
)∏
v∈S
σ(v),
(3.8)
where (v) = 1 if v ∈ Z2• and (v) = −1 if v ∈ Z2◦. Since A is invariant under
sign change, only terms involving sets S of even cardinality remain after the sum
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over σ˜ is taken. This means that for some (explicit) coefficients βS , β
′
S′ ,
1A(σ) =
∑
S⊆V
|S| even
βSσ(S), and 1B(σ) =
∑
S′⊆V ′
|S′| even
β′S′σ(S
′),
where σ(S) =
∏
u∈S σ(u), and therefore
µ(A ∩B)− µ(A)µ(B) =
∑
S⊆V,S′⊆V ′
|S|,|S′| even
βSβS′(Eµ[σ(S)σ(S
′)]−Eµ[σ(S)]Eµ[σ(S′)]).
Hence, to get (1.1) it is enough to show that there exists κ > 0 such that
|Eµ[σ(S)σ(S′)]−Eµ[σ(S)]Eµ[σ(S′)]| ≤ Kd(V, V ′)−κ(3.9)
for any pair of sets S ⊆ V, S′ ⊆ V ′ of even cardinality, where K depends only on
the size of V and V ′.
To this end, we use Lemma 3.2, where we choose an equal number of sources
and sinks in S (and hence also in S′), to get
Eµ[σ(S)σ(S
′)] = (−1)s+s′Eφ
[∏
`∈L
ρS∪S′(`)
]
,(3.10)
Eµ[σ(S)] = (−1)sEφ
[∏
`∈L
ρS(`)
]
Eµ[σ(S
′)] = (−1)s′Eφ
[∏
`∈L
ρS′(`)
]
,
where s and s′ are the number of white sinks in S and S′, and where ρS∪S′ is
defined for S ∪ S′ as in (2.7), and ρS (resp. ρS′) is defined for S (resp. S′) using
the same (but properly restricted) choice of sinks and sources. In particular, we
have that ρS = ρS∪S′ and ρS′ = ρS∪S′ on loops not surrounding any face of S′
and S respectively. We note here that S can contain an even or an odd number
of, say, white faces. In the latter case, the two last correlations are equal to zero.
However, as mentioned before, the formula from Lemma 3.2 is still valid, and we
chose to use it to have a uniform treatment of both cases.
Let ΛN ,Λ
′
N ⊂ E(Z2•) be boxes of size N × N centered around the centers
of V and V ′ respectively. Define TN ∈ FΛN to be the event that there is no
loop in L that intersects both V and the complement of ΛN . Analogously define
T ′N ∈ FΛ′N for Λ′N and V ′. By the strong RSW property of φ established in [9],
we know that there exists κ′ > 0 depending only on q, and K2 < ∞ depending
on q and the size of V and V ′, such that for all N > 0,
φ(TN ∩ T ′N ) ≥ 1−K2N−κ
′
.(3.11)
Indeed, to ensure TN , it is enough to construct an open circuit in the percola-
tion configuration ξ that surrounds V and stays within ΛN . By the strong RSW
property and the positive association of φ, this can be done with constant proba-
bility for every annulus in a properly defined sequence of disjoint concentric and
exponentially growing annuli centered around V . We leave the details of this
standard argument to the reader.
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Moreover we have∣∣∏
`∈L
ρU (`)
∣∣ ≤ max(tanλ, 1)|V |+|V ′| =: K1
deterministically for U = S, S′, S∪S′, since there can be at most |V |+ |V ′| loops
intersecting V ∪ V ′. Hence, by (3.10), (3.11) we have∣∣∣Eµ[σ(S)σ(S′)]−Eφ[∏
`∈L
ρS∪S′(`)1TN1T ′N
]∣∣∣ ≤ K3N−κ′ ,(3.12) ∣∣∣Eµ[σ(S)]−Eφ[ ∏
`∈L∩ΛN
ρS(`)1TN
]∣∣∣ ≤ K3N−κ′ ,∣∣∣Eµ[σ(S′)]−Eφ[ ∏
`∈L∩Λ′N
ρS′(`)1T ′N
]∣∣∣ ≤ K3N−κ′ ,
where K3 = K1K2. Combined with the fact that the spin correlations are by
definition bounded by one, the last two inequalities give∣∣∣Eµ[σ(S)]Eµ[σ(S′)]−Eφ[ ∏
`∈L∩ΛN
ρS(`)1TN
]
Eφ
[ ∏
`∈L∩Λ′N
ρS′(`)1T ′N
]∣∣∣(3.13)
≤ K3N−κ′(K3N−κ′ + 2).
On the other hand, we have∏
`∈L
ρS∪S˜(`)1TN1T ′N =
∏
`∈L∩ΛN
ρS(`)1TN
∏
`∈L∩Λ′N
ρS′(`)1T ′N(3.14)
whenever ΛN and Λ
′
N are disjoint. Moreover, since these two factors are local
functions depending only on the state of edges in ΛN and Λ
′
N respectively, by the
mixing property of the critical random cluster model from in Theorem 5 of [9],
we have
∣∣∣Eφ[ ∏
`∈L∩ΛN
ρS(`)1TN
∏
`∈L∩Λ′N
ρS′(`)1T ′N
]
−Eφ
[ ∏
`∈L∩ΛN
ρS(`)1TN
]
Eφ
[ ∏
`∈L∩Λ′N
ρS′(`)1T ′N
]∣∣∣(3.15)
≤ Eφ
[ ∏
`∈L∩ΛN
|ρS(`)|1TN
]
Eφ
[ ∏
`∈L∩Λ′N
|ρS′(`)|1T ′N
](
N
d(ΛN ,Λ
′
N )+N
)κ′′
≤ K21
(
N
d(ΛN ,Λ
′
N )+N
)κ′′
whenever d(ΛN ,Λ
′
N ) ≥ N for some κ′′ > 0 that depends only on q. Combining
this with (3.12), (3.13), (3.14) and (3.15) we obtain that the left-hand side of
(3.9) is at most
K3N
−κ′(K3N−κ
′
+ 3) +K21
(
N
d(ΛN ,Λ
′
N )+N
)κ′′ ≤ K4(N−κ′ + ( Nd(ΛN ,Λ′N )+N )κ′′)
for d(ΛN ,Λ
′
N ) ≥ N , where K4 depends only on q and the size of V and V ′.
Taking N = b√d(V, V ′)c we show (3.9) and complete the proof. 
We note that ergodicity of µ follows by using standard arguments where one
approximates translation invariant events by local events, and then uses the
established mixing property.
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3.4. Decorrelation of monochromatic spins. In this section we study the
decay of spin correlations. The simplest case of Corollary 3.3 says that for
u, u′ ∈ Z2•,
Eµ[σ(u)σ(u
′)] = Eφ
[∏
`∈L
ρ(`)
]
= Eφ
[
ρN(u,u
′)(−ρ)N(u′,u)
]
,(3.16)
where N(u, u′) is the number of loops in L = L(ξ) which surround u but not u′.
Using that ρ = tanhλ ≤ 1 for c ∈ [
√
2 +
√
2, 2] we obtain the following result.
Theorem 3.4. For c ∈ [
√
2 +
√
2, 2], there exists θ = θ(c) > 0 such that for all
u, u′ ∈ Z2•,
Eµ[σ(u)σ(u
′)] ≤ |u− u′|−θ.(3.17)
We note that positivity of this two-point function follows from the percolation
representation of the spin model described in Section 4.2.
Proof. We consider two cases.
Case I: c ∈ (
√
2 +
√
2, 2]. In this case ρ < 1, and we can simply bound
the right-hand side of (3.16) from above by Eφ[ρ
N(u,u′)]. Note that N(u, u′) is
bounded from below by the number of loops surrounding u whose diameter is
smaller that |u − u′|. This number on the other hand stochastically dominates
a binomial random variable with log |u− u′| trials and with (uniformly in u, u′)
positive success probability. This is a consequence of the strong RSW results for
the random cluster model obtained in [9]. Indeed, using the positive association
of the measure and the the fact that one can cross long rectangles with uniform
positive probability and under arbitrary boundary conditions, one can iteratively
construct circuits of ξ and ξ† in exponentially growing annuli around u. Each
pair of such consecutive clusters of ξ and ξ† contributes one loop to L(ξ) that
surrounds u but not u′. This yields (3.17) by using elementary properties of
binomial distribution. We leave the details to the reader.
Case II: c =
√
2 +
√
2. In this case ρ = 1 and the right-hand side of (3.16)
simplifies to Eφ[(−1)N(u′,u)]. Let v = u + (1, 0), v′ = u′ + (1, 0) be the two
vertices of Z2◦ directly to the right of u and u′, and let e, e′ ∈ E(Z2) be the edges
separating u from v, and u′ from v′ respectively. Since the law of L(ξ) is invariant
under translation by (1, 0), we have that N(u′, u) has the same distribution as
N(v′, v), and we can write
Eµ[σ(u)σ(u
′)] = 12Eφ[(−1)N(u
′,u) + (−1)N(v′,v)].(3.18)
We now notice that for each configuration of ξ, we have N(u′, u)(ξ) = N(v′, v)(ξ)
if there is a loop in L(ξ) which goes through e and surrounds u′ or v′, or there is
a loop that goes through e′ and surrounds u or v. Moreover, in this case N(u′, u)
is even. Otherwise we have N(u′, u)(ξ) = N(v′, v)(ξ)± 1 and the corresponding
two terms in the expression above cancel out. All in all we obtain that (3.18) is
bounded above by the probability that the cluster in ξ of either u, u′, v or v′ has
radius larger than |u − v|. Again by the RSW property of the critical random
cluster measure, this probability decays polynomially in |u − v|, and we finish
the proof. 
Remark 1. We want to stress the fact that such polynomial decorrelation (in-
cluding a polynomial lower bound) for monochromatic spins is expected to hold
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for all positive c. However, so far we were not able to obtain it using (3.17). The
reason is that in the case when ρ > 1 one needs to argue that the fluctuations of
the random sign (−1)N(u′,u) and the exponential growth of ρN(u,u′)+N(u′,u) cancel
out to order O(|u− u′|−θ). Note that (3.17) already implies (since the left-hand
side is bounded above by one) that such cancellations occur to order O(1).
Remark 2. By arguments as in the previous section, polynomial decorrelation
of monochromatic spins yields a similar mixing property of µ for all local events
(not only even local events).
4. Delocalization of the height function
In this section we combine the framework developed in [19] with the results
from the previous sections to prove delocalization of the height function for
c ∈ [
√
2 +
√
2, 2]. To this end, we need to consider a conditioned version of the
six-vertex model. We define O0n ⊂ On to be the set of arrow configurations such
that the spin system σ is globally well defined on Tn. In other words, these are
the arrow configurations such that the increment of the height function along
any noncontractible cycle in the dual graph T∗n is zero mod 4. We denote by
µ0n the measure µn conditioned on O0n. As before, we will identify µ0n with a
probability measure on the set of spin configurations Σn, which we think of as a
subset of Σ.
4.1. Convergence of µ0n. We will first show that µ
0
n also converges to µ as
n → ∞. The argument is analogous to the one used to establish convergence
of µn itself, and we will only focus here on the (topological) differences arising
from the conditioning on O0n.
To this end, we perform the same steps as in the unconditional BKW rep-
resentation. We first expand the arrow configurations in O0n to obtain a set of
fully-packed oriented loop configurations, denoted by ~L0n. We denote the sets of
oriented and unoriented loop configurations composed of only contractible loops
by ~Lctrn and Lctrn respectively. We now notice that any contractible oriented
loop contributes zero to the increment of the height function along any noncon-
tractible cycle. Hence, ~Lctrn ⊂ ~L0n and the complex measure induced on ~Lctrn and
the probability measure induced on Lctrn by µ0n is the same as that induced by µn.
To treat the case involving noncontractible loops, we recall a topological fact
saying that for a simple noncontractible closed curve on the torus, the algebraic
numbers (k, l) of times the curve intersects the equator and a fixed meridian
respectively are coprime (in particular, one of them has to be odd). Moreover,
such pairs of numbers (k, l) are in a one-to-one correspondence with isotopy
classes of such curves. Let ~L ∈ ~Ln \ ~Lctrn contain noncontractible loops. Note
that since these loops do not intersect, they have to be, up to orientation, of the
same isotopy class (k, l). Moreover, since the torus Tn is of even size, the total
increment of the height function must be even along any noncontractible loop.
Combined with the fact that at least one of the numbers (k, l), say k, is odd, this
means that there must be an even number, say 2m, of noncontractible loops in ~L.
Let m1 and m2 be the numbers of such loops which intersect the meridian from
right to left and from left to right respectively. In particularm1+m2 = 2m. Then
the increment of the height function of ~L is a = (m1 −m2)k along the meridian
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and b = ±(m1 −m2)l along the equator. If we now reverse the orientation of
the noncontractible loop ~`0 ∈ ~L which goes through the vertex with the smallest
number (in some fixed ordering), we obtain a configuration ~L′ for which these
increments are a′ = (m1−m2±2)k and b′ = ±(m1−m2±2)l respectively. Since
m1−m2 is even, we have the following cases: if l is even, then a = a′+2 (mod 4)
and b = b′ = 0 (mod 4), and if l is odd, then a = b = a′ + 2 = b′ + 2 (mod 4).
In both situations, exactly one of the two configurations ~L and ~L′ belongs to
~L0n. Note that the correspondence ~L↔ ~L′ is involutive and measure preserving
(since ~`0 has total winding zero). This implies that exactly half (in terms of the
induced complex measure) oriented loop configurations in ~Ln\ ~Lctrn belong to ~L0n.
In particular we get the following formula for the induced probability measure
on Ln,
φ0n(L) =
1
Z0n
√
q|L|
(
2√
q
)|Lnctr| 1
2
(
1 + 1Lctrn (L)
)
,(4.1)
where Lnctr is the set of noncontractible loops in L.
As a result of considerations exactly like in the previous section, we obtain
the following convergence.
Proposition 4.1. For c ∈ [√3, 2], µ0n → µ weakly as n→∞.
4.2. The percolation process ω. We follow [13, 19] and define a bond perco-
lation model ω on top of the spin configuration σ sampled according to µ0n (the
corresponding parameters in [19] are q = q′ = 2 and a = b = c−1). We note
that the model was also used in [21] in the study of the six-vertex model in the
localized regime.
Recall that the graphs T•n and T◦n (likewise Z2• and Z2◦) are dual to each other,
and denote by σ• and σ◦ the restrictions of the spin configuration σ to the
vertices of the respective graphs. We now define η(σ◦) ⊆ E(T•n) to be the set of
contours of σ◦, i.e., edges whose dual edge in E(T◦n) carries two different values
of the spin σ◦ at its endpoints. Given σ, to obtain the percolation configuration
ω ⊆ E(T•n), we proceed in steps:
(i) we start with the configuration where all edges are closed,
(ii) we then declare each edge in η(σ◦) open,
(iii) for each edge {u, u′} ∈ E(T•n) still closed after step (ii) and such that
σ(u) = σ(u′), we toss an independent coin with success probability 1 −
1/c. On success, we declare the edge open, and otherwise we keep it
closed,
(iv) we denote by ω the set of all open edges.
Note that in particular η(σ◦) ⊆ ω. We will write Pn for the probability mea-
sure on configurations (σ, ω) ∈ Σn × Ω•n obtained from these steps when σ is
distributed according to µ0n. Since the above procedure is local and independent
for different edges, from Lemma 4.1 we immediately conclude the following.
Corollary 4.2. Pn converges weakly as n → ∞ to a probability measure P
on (Σ × Ω•,G ⊗ F) which is translation invariant, satisfies weak mixing as in
Theorem 1.1, and hence ergodic on Geven ⊗ F with respect to the translations
of Z2•.
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The following result connecting the percolation properties of ω under P with
the behaviour of the height function under µ was proved in [19].
Lemma 4.3. For c ∈ [√3, 2], if
P(∃ an infinite cluster of ω) = 0,
then
Varµ[h(u)]→∞ as |u| → ∞,
where u ∈ Z2◦ ∪ Z2• is a face of Z2.
Therefore, to prove Theorem 1.2 it is enough to show the following.
Proposition 4.4. For c ∈ [
√
2 +
√
2, 2], P(∃ an infinite cluster of ω) = 0.
We devote the rest of this section to the proof of this result. We note that
percolation properties of related models were studied in [15]. We first recall a
crucial property of the coupling between σ and ω given by the following descrip-
tion of the conditional law of σ• given ω [13, 19,21], which is directly analogous
to the Edwards–Sokal coupling between the Potts model and the random cluster
model [10].
Lemma 4.5 (Edwards–Sokal property of ω and σ•). Under the probability mea-
sure Pn, conditionally on ω, the spins σ
• are distributed like an independent
uniform assignment of a ±1 spin to each connected component of ω. The same
is true for P given that P(∃ an infinite cluster of ω) = 0.
As a direct consequence we obtain a relation between connectivities in ω and
spin correlations,
Pn(u
ω←→ u′) = Eµ0n [σ(u)σ(u′)].(4.2)
The idea now is to use this identity and the decorrelation of spins from Theo-
rem 3.4 to conclude no percolation for ω.
Remark 3. For c = 2, both the distribution of ω under P and of ξ under φ are
the critical random cluster model with q = 4 (see [19]). In this case we know
that formula (4.2) also holds in the infinite volume (since ω does not percolate),
and it is identical to formula (1.6) since for q = 4, we have ρ = 0 and the event
that there is no loop separating u from u′ in L(ξ) is the same as the event of u
being connected to u′ in ξ.
We will first need to prove that there is at most one infinite cluster in ω
under P. To this end, we start with establishing insertion tolerance of ω.
Lemma 4.6 (Insertion tolerance of ω). For c ∈ [√3, 2], the law of ω under P is
insertion tolerant as defined in (3.1).
Proof. Since P is the weak limit of Pn, it is enough to prove that Pn satisfies
(3.1) with a constant  > 0 that is independent of n.
To this end, for a configuration ζ ∈ Ω•n and an edge e = {u1, u2} ∈ E(T•n), let
ζe, ζe ∈ Ω•n be the configurations that agree with ζ on E(T•n)\{e} and such that
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ζe(e) = 1 and ζe(e) = 0. Note that by Lemma 4.5 we have
Pn(ω = ζ
e) ≥ Pn(ω = ζe, σ(u1) = σ(u2), σ(v1) = σ(v2))
= p1−pPn(ω = ζe, σ(u1) = σ(u2), σ(v1) = σ(v2))
= p1−pPn(ω = ζe, σ(u1) = σ(u2))
≥ 12 p1−pPn(ω = ζe)
= 12(c− 1)Pn(ω = ζe),(4.3)
where {v1, v2} ∈ E(T◦n) is the dual edge of e, and p = 1 − c−1 is the success
probability from step (iii) of the definition of ω. To get the first equality, we
used the fact that if σ(u1) = σ(u2) and σ(v1) = σ(v2), then we can open e only
in step (iii) by tossing a coin. In the second equality, we used that if e is closed
then necessarily σ(v1) = σ(v2). The last inequality follows from Proposition 4.5
and the fact that, on the event that v1 is not connected to v2 in ω, both faces
obtain independent ±1 spins (otherwise, they must have the same spin). From
(4.3) we get that
P(ω(e) = 1 | ω(e′) = ζ(e′) for e′ 6= e) ≥ c−1c+1 ,
and hence (3.1) holds true with  = (c− 1)/(c+ 1). This ends the proof. 
We will now exclude the possibility of more than one infinite clusters in ω
under P. Since the law of ω is not deletion tolerant in the sense of (3.1), we need
to slightly modify the classical argument of Burton and Keane [4]. (Actually,
one can always remove an edge from ω \ η(σ◦) by paying a constant price, but
removing edges from η(σ◦) cannot be done locally and the cost can be arbitrarily
high).
Lemma 4.7. For c ∈ [√3, 2],
P(∃ more than one infinite cluster of ω) = 0.
Proof of Lemma 4.7. By Corollary 4.2, P is translation invariant and ergodic
when projected to F , and by Lemma 4.6, it is insertion tolerant. Hence, by
classical arguments we have that
P(∃ more than one but finitely many infinite clusters of ω) = 0.
To conclude the proof we therefore need to show that
P(∃ infinitely many infinite clusters of ω) = 0.(4.4)
To this end, we say that 0 ∈ Z2• is a trifurcation if it belongs to an infinite cluster
of ω that splits into exactly three infinite and no finite clusters after removing
the edges incident on 0. We assume by contradiction that the probability in
(4.4) is equal to 1 (we can assume this by ergodicity) of P. We will show that
under this assumption
P(0 is a trifurcation) > 0.
This will yield the desired contradiction in the same way as in the original
argument of Burton and Keane.
In what follows, we will construct trifurcations by modifying (in steps) the
configuration (σ, ω) inside a large but finite box. To this end, for Λ ⊂ E(Z2•), let
C6(Λ) = {∂Λ intersects at least six infinite clusters of ω|Λc} ∈ G ⊗ FΛc ,
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Figure 6. The dotted black lines represent the boundary edges
of Λ. The signs show the sign of −iσ◦, the blue lines repre-
sent η(σ◦±) and the red lines show the edges of ω|Λc \ η(σ◦±) with
(σ, ω) ∈ C6. There are five infinite clusters in ωΛc ∪ η(σ◦+) and
one in ωΛc ∪ η(σ◦−). The red dotted edges are added at finite cost
to create a trifurcation at 0
where ∂Λ is the set of vertices of Λ adjacent to a vertex outside Λ, and ω|Λc is
the restriction of the configuration ω to the edges of Λc. We now fix Λ to be a
square box large enough so that for C6 = C6(Λ),
P(C6) > 1/2.
For a set of black vertices B and white vertices W , we define
S±(B) = {σ is constant and equal ± 1 on B} ∈ G ⊗ F , and
S±(W ) = {σ is constant and equal ± i on W} ∈ G ⊗ F .
Note that by the Edwards–Sokal property from Lemma 4.5, for any event I ∈
G ⊗ F depending only on ω, we have
Pn(S+(B) | I) ≥ (12)|B|
independently of n. Hence, by the weak convergence of Pn to P we know that
P(S+(V (Λ)) | C6) ≥ (12)|V (Λ)|.
Recall that η(σ◦) ⊂ E(Z2•) is the set of interfaces separating spins of different
value in σ◦ which in turn is the restriction of σ to Z2◦. The crucial observation
now is that for each (σ, ω) ∈ S+(V (Λ)) ∩ C6, one can choose a constant sign
ς = ς(σ, ω) = ±1 such that there are at least three infinite clusters in ω|Λc∪η(σ◦ς ),
where
σς(u) =
{
ς for u ∈ V (Λ∗),
σ(u) otherwise,
and where Λ∗ ⊂ E(Z2◦) is the box whose vertices are the bounded faces of Λ (see
Fig. 6). Moreover, we have that
T± := {(σ, ω) ∈ S+(V (Λ)) ∩ C6 : ς(σ, ω) = ±1} ∈ GV (Λ∗)c ⊗FΛc ,
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where GV (Λ∗)c is the σ-algebra generated by the spins outside V (Λ
∗). Further-
more, for any I ∈ GV (Λ∗)c ⊗FΛc ,
P(S±(V (Λ∗)) | S+(V (Λ)) ∩ I) ≥ δ1 > 0,(4.5)
where δ1 depends only on Λ. Indeed, by the definition of the spin model, the
only constraint on the values of spins is that if u, u′ ∈ Z2• and v, v′ ∈ Z2◦ are
incident on a common vertex of Z2, then (σ(u) − σ(u′))(σ(v) − σ(v′)) = 0. In
other words, the interfaces η(σ•) and η(σ◦) cannot cross. Since here we assume
that σ is constant on V (Λ), we can always set σ to be constant on V (Λ∗) and
keep this constraint satisfied. This means that the equivalent of (4.5) is satisfied
by Pn for all n, and hence (4.5) holds true by taking the weak limit. We now
define
S = (S+(V (Λ
∗) ∪ S−(V (Λ∗)) ∩ S+(V (Λ)), and
C3 = {there are at least three infinite clusters in ω|Λc ∪ η(σ◦)}.
Note that conditioned on C3∩S, one can construct a trifurcation with probability
δ2 > 0 (depending only on Λ) by opening some of the edges of Λ to create three
paths connecting 0 to three infinite clusters at the boundary of Λ, and by keeping
the remaining edges closed (as depicted on the left-hand side of Fig. 6). Here
we use the definition of the process ω and fact that σ is constant on V (Λ∗), and
hence the contour configurations η(σ◦) does not intersect the interior of Λ.
All in all, we have
P(0 is a trifurcation) ≥ δ2P(C3 ∩ S)
≥ δ2[P(S+(V (Λ∗)) ∩ T+) +P(S−(V (Λ∗)) ∩ T−)]
= δ2[P(S+(V (Λ
∗))|T+)P(T+) +P(S−(V (Λ∗))|T−)P(T−)]
≥ δ1δ2[P(T+) +P(T−)]
= δ1δ2P(S+(V (Λ)) ∩ C6)
= δ1δ2P(S+(V (Λ))|C6)P(C6)
≥ δ1δ2(12)|V (Λ)|+1
> 0.
Using arguments exactly as in [4] we finish the proof. 
We are finally ready to show that ω does not percolate under P, which by
Lemma 4.3 will yield delocalization of the height function for c ∈ [
√
2 +
√
2, 2].
Proof of Proposition 4.4. For u, u′ ∈ Z2•, by Corollary 4.2 we have
P(u connected to u′ in ω) = lim
N→∞
P(u connected to u′ in ω|ΛN )
= lim
N→∞
lim
n→∞Pn(u connected to u
′ in ω|ΛN )
≤ lim
n→∞Pn(u
ω←→ u′)
= lim
n→∞Eµ0n [σ(u)σ(u
′)]
= Eµ[σ(u)σ(u
′)].
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The second last equality follows from the Edwards–Sokal property (4.2), and the
last one from Lemma 4.1. Combining this with the decorrelation of spins from
Theorem 3.4, we get that
P(u connected to u′ in ω)→ 0 as |u− u′| → ∞.(4.6)
To finish the proof, we now proceed by contradiction along classical lines.
We assume that P(∃ an infinite cluster of ω) > 0, and by ergodicity of P from
Corollary 4.2 and Lemma 4.7, we have that
P(∃ a unique infinite cluster of ω) = 1.
We now fix a box Λ ⊂ E(Z2•) so large that
P(the infinite cluster of ω intersects Λ) ≥ 3/4.(4.7)
Let
A = {the infinite cluster of ω intersects u+ Λ and u′ + Λ},
B = {ω is constant and equal to 1 on u+ Λ and u′ + Λ}.
Then, by translation invariance and (4.7) we have P(A) ≥ 1/2, and by insertion
tolerance from Lemma 4.6, we have P(B | A) ≥ 2|Λ|P(A), where  > 0 is as in
(3.1). We can now write
P(u connected to u′ in ω) ≥ P(A ∩B) ≥ 2|Λ|/2.
Since this lower bound is positive and independent of u and u′, we get a contra-
diction with (4.6), and we finish the proof. 
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